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a b s t r a c t
Within this paper we consider the higher order infinitesimal
bending of a surface in E3. The sufficient condition for a toroid
generated by a polygonal meridian to be non-rigid of higher order
is given. The work contained is an extension of the results of
[2] and [13–18]. Examples of non-rigid surfaces, with a visual
representation of infinitesimal bending are provided.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
First we shall consider the infinitesimal bending of the toroid rotational surfaces generated by a
polygonal meridian, one that does not contain a segment perpendicular to the axis of rotation.
It is well known from [8,3] that a sphere and a torus are rigid surfaces. Among the surfaces that
are topologically equivalent to the torus, Belov [2] showed a class of non-rigid toroids; those that
are generated by a quadrangular meridian of a special form. It is also true that the toroid surfaces
which do not contain a plane part and which are generated by a triangular meridian are rigid [13].
The infinitesimal bending of a toroid generated by a quadrangular meridian, given by the coordinates
of apices, were studied in [14]. More generally, the sufficient condition for non-rigidity of a toroid
obtained by revolving a polygonal meridian is given in [17]. A procedure for finding a field of bending
and rotation for such a surface is also outlined.
The second order infinitesimal bending for toroids is studied in [16]. Finally, these considerations
lead us to give the sufficient condition for toroid rotational surfaces with a polygonal meridian,
without a segment perpendicular to the axis of rotation, to be non-rigid of higher order.
Higher order flexibility was studied in [1,9,11].
The fundamental contribution to infinitesimal bending theory is given by Prof. I. Kh. Sabitov in
[7,10].
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2. Infinitesimal bending of higher order of rotational surfaces
Let S be a piecewise regular surface, given by the equation
S : r¯ = r¯(u, v), (2.1)
included in a family of surfaces





z¯ (u, v), (2.2)
where t ∈ R is a small parameter and
(j)
z¯ (u, v) are continuous vector functions defined at the points
of S.
Definition 2.1. Surfaces St (2.2), t ∈ R are the infinitesimal bending of the mth order of the surface
S if
ds2t − ds2 = o(tm). (2.3)
This condition is equivalent to the system of equations ( [3,8])









z¯ = 0, for j = 2, . . . ,m. (2.3′)
We shall use Cohn-Vossen’s method [8] for the investigation of the infinitesimal bending of rotational
surfaces. In the plane of themeridianwhich rotates around the u-axis we need to introduce Descartes’
orthogonal coordinate system uOρ andwhere ρ = ρ(u) is the equation of themeridian. If e¯ is the unit
vector of the axis of rotation and a¯(v) is the unit vector of the ρ-axis, where v is the angle between
the plane of initial position of the meridian and a¯(v) then a¯′(v) is perpendicular to a¯(v) and a¯′(v) is
perpendicular to e¯ (see [9] page 253, or [8] page 90).
The equation of a surface of rotation, in the coordinate system with the base e¯, a¯, a¯′ is
S : r¯(u, v) = ue¯+ ρ(u)a¯(v), (2.4)
where ρ = ρ(u) is the equation of the meridian. The fields of infinitesimal bending
(j)
z¯ (u, v), j =
1, . . . ,m can be represented by the system with mutual perpendicular unit vectors e¯, a¯(v), a¯′(v) in
the form
(j)







γ (u, v), j = 1, 2, . . . ,m, are periodical functions with respect to v,
with a period 2pi , and according to [8] they can be presented for j = 1 in the form
(1)

















where k ≥ 2, k ∈ Z , and (1)ϕ −k(u) are the conjugate values of
(1)


















ψ k = 0, ik
(1)








k = 0, (2.7)







k + (k2 − 1)ρ ′′
(1)
ψ k = 0. (2.8)
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β k(u, v), ,
(j)
γ k(u, v), , j = 2, . . . ,m, have:
(1) for even j, only even powers e±ikv and e0,























(1) p = 0, 2, 4, . . . , j for even j
(2) p = 1, 3, 5, . . . , j for odd j.
The fundamental field of infinitesimal bending of order j is
(j)





























































































The right sides of the system (2.11) can be written in more detail in the well known way according
to [6]





































































































(1) j = 2, . . . ,m
(2) pj = j2 for even j and pj = j−12 for odd j
(3) hj = 0, . . . , pj, j = 2, . . . ,m
(4) the summation index rs in (2.14)–(2.16) takes values in the set {±(s− 2hs), hs = 0, 1, . . . , ps} so
that the numbers j− 2hj − rs belong to the set {±(j− s− 2h(j−s)), h(j−s) = 0, 1, . . . , p(j−s)};
(5) To every number j, 2 ≤ j ≤ m, there correspond pj + 1 systems of equations (2.11).
Cohn-Vossen [8] proved that at the breaking points of themeridian the next theorem is valid (in [8]
this fact is not formulated like a theorem but we will do so here).
Theorem 2.1 (Cohn-Vossen [8]). If the functions ϕk(u) and χk(u) are continuous at the breaking points
u = σ of the meridian ρ = ρ(u), then at these points the functions ψk(u) satisfy the equation
[ρ(u)ψ ′k(u)+ (k2 − 1)ρ ′(u)ψk(u)] |σ+0σ−0 = 0, (2.17)
i.e.
ρ(σ)[ψ ′k(σ + 0)− ψ ′k(σ − 0)] + (k2 − 1)[ρ ′(σ + 0)− ρ ′(σ − 0)]ψk(σ ) = 0. (2.17′)
We can also prove the following theorem for the infinitesimal bending of higher order:





χ pk(u) are continuous (j = 1, . . . ,m, p = 2, . . . ,m, for even m, p =
1, 3, . . . ,m, for odd m). Then at these points the functions
(j)
ψpk(u), j = 1, . . . ,m satisfy the equation
[ρ(u) (j)ψ
′




Q pk(σ ), (2.18)
where
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(j)
Q pk(σ ) = ρ ′(σ − 0)
(j)




pk(σ − 0)+ ipk
(j)
C pk(σ − 0)




pk(σ + 0)− ipk
(j)



















































pk(u)+ (p2k2 − 1)ρ ′(u)
(j)
ψpk(u)







At the breaking points of the meridian we have
(j)
ϕpk(σ − 0) =
(j)
ϕpk(σ + 0), (2.20)
wherefrom
ρ(σ + 0) (j)ψ
′
pk(σ + 0)+ (p2k2 − 1)ρ ′(σ + 0)
(j)
ψpk(σ + 0)
= ρ(σ − 0) (j)ψ
′





i.e. we obtained (2.18), where
(j)
Q pk is given by (2.19). 
3. The infinitesimal bending of higher order of rotational toroids generated by a polygonal
meridian
We shall now consider the infinitesimal bending of a toroid generated by a polygonal meridian
which does not contain a segment perpendicular to the axis of rotation with the apices Al(ul, ρl),
l = 1, . . . , n, An+1 ≡ A1 at the coordinate system uOρ. The equations of the polygon sides are
AlAl+1 : ρ(l) = ρl + ρl+1 − ρlul+1 − ul (u− ul) = klu+ nl (3.1)
l = 1, 2, . . . , n, An+1 ≡ A1, ρn+1 ≡ ρ1, un+1 ≡ u1 where ρ(l) is the value of ρ on the side AlAl+1
ρ ′(l) = kl, ρ ′′(l) = 0, l = 1, 2, . . . , n. (3.2)
Let us find the field of infinitesimal bending
(j)
z¯ k(u, v) on the side AlAl+1
(j)






























l = 1, 2, . . . , n,
(1) p = 0, 2, 4, . . . , j for even j,
(2) p = 1, 3, 5, . . . , j for odd j.










































Npk,l are arbitrary constants. From (2.13) and (3.6) we have
(j)

























































(1) p = 0, 2, 4, . . . , j for even j,
(2) p = 1, 3, 5, . . . , j for odd j.















Using (2.13) and (3.9), (3.10) we get:









The coefficients of the fundamental field
(j)





will be found using the fact that the field of infinitesimal bending is to be continuous on the whole




ψpk,l+1(ul+1), l = 1, 2, . . . , n, j = 1, 2, . . . ,m (3.12)










































































Q pk(u) is given by (2.19) l = 1, 2, . . . , n, j = 1, 2, . . . ,m. In this way, at the apices of the
meridian we have the system of equations
− (nl + p2k2klul+1)
(j)
Mpk,l + (nl+1 + p2k2kl+1ul+1)
(j)
Mpk,l+1
− (p2k2 − 1)kl
(j)
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From the above presented, the following theorem holds:
Theorem 3.1. The sufficient condition for the toroid rotational surface generated by polygonal a meridian
which does not contain a segment perpendicular to the axis of rotation to be non-rigid of the order m, i.e. to
have a field of infinitesimal bending
(m)





. . . ,
(m−1)




Npk,l (3.13) and (3.14)
are compatible.
Remark. We rule out trivial example of surfaces containing a plane part generated by a side of a
polygon perpendicular to the axis of rotation [3,8].
4. Visualization of the infinitesimal bending of toroids generated by a polygonal meridian
By using a computer, we can analyse the non-rigidity conditions and determine a family of toroids
which satisfy those conditions. The class of non-rigid toroids ‘‘discovered’’ by Belov [2] is extended
by some new examples of toroids that satisfy the non-rigidity conditions. As an examples of those,
the following are given: a toroid with a nonconvex quadrangle meridian, a toroid with a convex
pentagonal meridian and a toroid with a 9 apices convex meridian. In examination of the toroids
and determination of their properties we have used the symbolic program package Mathematica.
Our program takes the points of a meridian as the input, then determines the rigidity conditions
and, as output, gives the symbolical definitions of the rotational surface together with the field
of infinitesimal bending of the first order. Then, the obtained symbolical output, can be inserted
as an argument to a Mathematica function for 3D representation. Graphical representations of the
deformations are considered in articles [4,5,12]. It is useful to see rotational surfaces and the influence
of infinitesimal bending fields on them. For the purpose of visual presentation infinitesimally bent
surfaces we developed SurfBend. It is a program devoted to visualizing the infinitesimal bending of
toroids and was developed in C + + using OpenGL. It was partially presented at the ESI Conference
Rigidity and Flexibility, Vienna, 2006. The obtained analytical expressions are graphically represented
in the following examples to illustrate the theoretical considerations.
4.1. Examples
1. The first example of non-rigid toroidal surfaces is the surface of a nonconvex quadrangle
with apices A(−1, 1), B(0, 58 ), C(1, 1) and D(0, 14 ). The quadrangle rotates around the u-axis of the
coordinate system uOρ. Revolving AB generates S(1) and revolving BC , CD and DA, the parts S(2)S(3)S(4)
are generated and also z¯(i) denotes the field of infinitesimal bending. Let us denote the deformed toroid
as S .
S : r¯(u, v, ) = r¯(u, v)+ z¯(u, v)















u ∈ [−1, 0], v ∈ [0, 2pi ],














sin(v)j¯+ uk¯, u ∈ [0, 1], v ∈ [0, 2pi ],














sin(v)j¯+ uk¯, u ∈ [1, 0], v ∈ [0, 2pi ],
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u ∈ [0,−1], v ∈ [0, 2pi ].




































































































































































k¯, u ∈ [0,−1], v ∈ [0, 2pi ].
The following figures show the rotational surfaces and the influence of infinitesimal bending. For
the purpose of insight view, the rotational parameter v is taken to be less than 2pi .
Fig. 1 shows the initial surface from example 1without any deformations  = 0.0 and v ∈ [0, 43pi ].
Fig. 2 shows the deformed surface from example 1 with deformations  = 0.15 and v ∈ [0, 43pi ].
2. The second example of a non-rigid toroidal surface is a surface with a convex pentagon with
apices A(−1, 2), B(−2, 3), C(0, 4), D(2, 3) and E(1, 119−
√
2641
45 ). The polygon rotates around the u-axis
of the coordinate system uOρ.
Fig. 3 shows the initial surface from example 2without any deformations  = 0.0 and v ∈ [0, 32pi ].
Fig. 4 shows the deformed surface from example 2 with deformations  = 0.25 and v ∈ [0, 32pi ].
3. The third example of a non-rigid toroidal surfaces is a surface with nonconvex polygon




304(3(−173450877+836√43583479149))1/3 ),H(0, 3) and I(−1, 1). The polygon
rotates around the u-axis of the coordinate system uOρ.
Fig. 5 shows the initial surface from example 3without any deformations  = 0.0 and v ∈ [0, 43pi ].
Fig. 6 shows the deformed surface from example 3 obtained by rotating parts FG, GH and HI with
deformations  = 0.02 and v ∈ [0, 2pi ].
Remark. It is important to note that the main results of [2,13–18] can be considered as particular
cases of Theorem 3.1.
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Fig. 1. A non-rigid toroidal surface with quadrangular meridian.
Fig. 2. A deformed non-rigid toroidal surface with quadrangular meridian.
Fig. 3. A non-rigid toroidal surface with pentagonal meridian.
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Fig. 4. A deformed non-rigid toridal surface with pentagonal meridian.
Fig. 5. A non-rigid toroidal surface with 9 apices polygonal meridian.
Fig. 6. A deformed non-rigid toroidal surface with 9 apices polygonal meridian.
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